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Nonlinear longitudinal current in quantum plasma generated by 
two transversal electromagnetic waves 
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Abstract 

Quantum plasma with arbitrary degree degeneration of electronic gas is considered. 
Plasma is in two external electromagnetic fields. It is required to find the plasma 
response on this fields. From Wigner kinetic equation for the quantum collisionless 
plasmas distribution function in square-law approach on sizes of vector potentials 
of two electric fields is received. The formula for calculation electric current at any 
temperature (any degree of degeneration of electronic gas) is deduced. This formula 
contains an one-dimensional quadrature. It is shown, that the nonlinearity account 
leads to occurrence the longitudinal electric current directed along a wave vectors. 
This longitudinal current is orthogonal to a known transversal current, received 
at the linear analysis. The case of small values of wave numbers is considered. It 
is shown, that in case of small values of wave numbers a longitudinal current in 
quantum plasma coincides with a longitudinal current in classical plasma. 

Key words: quantum plasma, Wigner equation, vector potential, electromagnetic 
fields, current density, transversal current, longitudinal current. 
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Introduction 

B HaCT05imeH paGOTe BbIBOfl5ITC5I 4)0pMyjIbI BbIHHCJieHH5I SJieKTpHHe- 
CKoro TOKa b KBaHTOBOii GeccTOJiKHOBHTejiBHOH njiasMe OepMH—UnpaKa. 

B KBaHTOBOH BjiasMe Bbi6HpaK)TC5i HeTbipe Majibix napaMeTpa. KHneTH- 
HecKoe ypaBHenne BnrHepa, onncbiBaiomee noBe^eHne KBaHTOBoii njiasMbi, 
pemaeTCH ivieTOflOM nocjieflOBaTejiBHbix npnGjiHJKeHHH. 

ripH pemeHHH KHHeTHHecKoro ypaBHeHHH BnrHepa mbi y^HTbiBaeivi kbk 
B pasjioxceHHH 4)yHKu,HH pacnpeflejieHHH, Tax h b pasjioxceHHH HHTerpajia 
BHBHepa BejiHHHHbi, nponoppHOHajiBHbie KBa^paTaM BexTopHbix noTenpHa- 
jiOB BHeniHHx sjieKTpHxecKHx nojieft h hx nponsBepenHio. 

ripH TaxoM HejiHHeftHOM nopxope oxasbmaeTCsi, xto sjiexTpxxecxHH tox 
HMeeT pBe HexyjieBbie xoivinoHeHTbi. Opna xoMnoHexTa sjiexTpHxecxoro to- 
xa HanpaBjiena Bpojib BexTopHbix noTeHpxajiOB sjiexTpoiviarHHTHbix nojieii. 
Bra xoMnoHexTa sjiexTpHxecxoro Toxa toxho Taxaa >xe, xax h b jiHHeftHOM 
anajiHse. 3to ''nonepexHbiii" tox. 

TaxHM oGpasoM, b jiHHeftHOM npxGjiHxceHHH mbi nojiyxaeM HSBecTHoe bbi- 
paxceHxe nonepexHoro ojiexTpHxecxoro TOxa. 

Bropax HexyjieBax xoMnoHexTa ojiexTpHxecxoro TOxa HMeeT BTopoft no- 
pnpox MajiocTH OTHOCHTejibHO Majibix napaMeTpoB, nponoppHOHajiBHbix Be- 
jiHHHHaM HanpHHceHHOCTeH ojiexTpHxecxHx HOJieH. BTopax xoMnoneHTa sjiex- 
TpHxecxoro TOxa HanpaBjieHa Bpojib bojihoboto BexTopa. 3 tot tox opToro- 
HajieH nepBOH xoMnoHOHTe. 3 to "npopojiBHbiH" tox. 
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rioSIBJieHHe npOflOJIbHOrO TOKB BbI5IBJI5ieTC5I npOBe^eHHBIM HejIHHeftHblM 
anajiHSOM BsaHMOfleiicTBHsi sjieKTpoMarHHTHbix nojieii c njiasMoft. 

HejiHHeiiHbie b njiasivie H3yHaK)TC5i y>Ke fljiHTejiBHoe BpeiviH [Ij- 

m- 

B paGoTax [T| h [Bi| H3yHaK)TC5i HejiHHenHbie 34)4)eKTbi b njiabivie. B paGoTe 

|Bj HejIHHeHHblH TOK HCn0JIb30BajIC5I, B HaCTHOCTH, B BOnpOCaX Bep05ITH0CTH 

pacnaflHbix npopeccob. Otmcthm, hto b paGoTe [2j yKa3biBaeTC5i na cyipe- 
CTBOBaHHe HejiHHeiiHoro Toxa b^ojib bojihobobo BexTopa (cm. 4)opMyjiy (2.9) 
H3 [2])- B SXCnepHMCHTajIbHOH paGoTC [3j BbrnCHCH BXJia^ HOpMajIbHOX XOM- 
nOHCHTbl nOJI5I B HejIHHCHHBIH nOBCpXHOCTHBIH TOX B CHBHajie BTOpOH rapMO- 
HHXH. B paGoTax II Ej H3yxajiacb reHepaii,H5i HCJiKHCHHoro noBcpxHOCTHoro 
Toxa npx BBaHMOflCHCTBHH jiabcpHoro HMnyjibca c MCTajuiOM. 

KBaHTOBa5i njia3Ma H3yxajiacb b paGoTax ra-izii. CTOJIXHOBHTCJIBHai^ 
xbaHTOBaa njia3Ma xaxajia H3yxaTbC5i b paGoTC MepMXHa [IB]. Bbtcm xBax- 
TOBaa CTOJixHOBHTejibHa5i njia3Ma H3yxajiacb b Hamxx paGoTax [Tn|-|II2|. Ha- 
MH H3yxajiacb xBaHTOBa5i CTOJixHOBHTejibHa5i njia3Ma c nepcMCHHOH xacTO- 
Toii CTOJixHOBCHHH. B paGoTBx [2n| “ |2I| Gbijio HccjicflOBaxo reHepxpoBaHHe 
npoflOJiBHoro TOxa nonepexHbiM sjiexTpoMarHXTHbiM nojiCM b xjiaccHxecxoii 
H XBaHTOBOH HJiaBMC OcpMH—^Hpaxa [20] H B BBipOXCfleHHOH HJiaBMC | f2T] . 

YxaxccM eipe xa pxfl paGoT no njiabMC, b tom nncjie n xBanTOBon. 9to 
paGoTbi [TT]-[T^. 

B HacT05ini,eH paGoTC BbiBO^nTcn 4)opMyjibi fljin BbinHCJiennn sjiexTpnne- 
cxoro TOxa b xBanTOBon GeccTOJixnoBHTejibHon njiaoMC npn npoHBBOJibHon 
TCMnepaType, to-cctb npn nponoBOJibnon CTcnenn bbiponcflCHnn sjiexTpon- 
Horo raoa. 

1 Wigner equation 

rioxanccM, xto b cjiynae xbanTOBon njiaoMbi, onncbibaeMon ypaBnenneM 
Bnrnepa, renepnpyeTcn npoflOJiBHbin tox h BbinncjiHM ero njiOTHOCTb. Ha 
cym,ecTBOBaHHe stoto TOxa yxaobiBajiocb Gojiee nojiyBCxa TOMy nabafl [2]- 
ByflCM cxHTaTb, xto xBanTOBan njiaoMa naxoflHTcn b flByx BHemnnx sjiex- 
TpoMarHHTHbix nojinx c BexTopnbiMH noTcnpHajiaMH, npeflCTaBji5iK)ni,HMH co- 
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6 oh SerymHe rapMOHHHecKHe bojikbi: 

A,(r.t) = Aoje-'‘'«'-“>‘) (j = l,2). 
CooTBeTCTByiomHe sjieKTpHnecKHe h iviarHHTHbie noji55 

E^- = ¥Lj = {j = 1, 2) 


CB5i3aHbi c BeKTopHbiMH noTeHii,HajiaMH paBencTBaMH 

_ 1 dAj iujj , , /. . 

Ej = ~~ ~ {j ~ 2)- 

ByfleM CHHTaTb, hto BeKTopHbiii noTenpHaji sjieKTpoiviarHHTHoro noji55 
Aj(r,t) opToroHajieH BOJiHOBOiviy BeKTopy kj, T.e. 

kj • A^-(r,^) = 0, j = l,2. 

9to snaHHT, hto bojihoboh BeKTop kj opToroHajieH sjieKTpHHecKOiviy h Mar- 
HHTHOMy nOJI5IM: 


kj ■ = kj ■ = 0, j = 1,2. 


onpeflejieHHOCTH Sy^eivi CHHTaTb, hto BOJinoBbie BCKTopbi oSenx no- 
jieii HanpaBjieHbi b^ojib och x, a sjieKTpoiviarHHTHbie noji5i HanpaBjieHbi b^ojib 
OCH T.e. 


A, = Aj(x, t){0, 1,0), Ajix, t) = 

k, = A:j(l,0,0), Ej = £;j(x,l) (0,1,0), Ej{x,t) = 

BosbMeM ypaBHeHHe BHrnepa, onHCbmaiomee noBeflenHe KBaHTOBOii 6ec- 


CTOJIKHOBHTejIBHOH BJiaSMBI 


| + v| + iy[/]=o 


c HejiHHeHHbiM HHTerpajiOM EnrHepa 

2 


win = p E 


j=i 


ieAj ■ 
mch - 


hki 


/ riP+ - / r,P - 


hkn 


( 1 . 1 ) 


le 


2mc^h 


Ea? 


.?=i 


f{r,p + hk.,t) - fir,p- hk.,t 
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9tot HHTerpaji Barnepa nocTpoen no aHajiornn c nnTerpajiOM Bnrnepa, 
BbiBe^eHHbiM B pa6oTe nm c HcnojibsoBanneM o^noro BeKTopnoro noTenpn- 
ajia. 

B ypaBHOHnn (1.1) f - anajior KBanTOBon 4)yHKn,HH pacnpeflejiennn ojiok- 
TpoHOB njiasMbi (tbk nasbiBaeivian 4)yHKn,H5i Bnrnepa), c - CKopocTb cneTa, 
p = mv - nivinyjibc ojieKTponoB, v - CKopocTb sjieKTponoB. 

Hnnce naM nona^oGnTcn jiOKajibno pabnonecnoe pacnpe^ejienne OepMn— 
/],npaKa, = /eg(r,n) (eq= equilibrium) 



£ = mv^/2 - oneprnn sjieKTponoB, /i - xnMnnecKnn noTenqnaji ojieKTpon- 


noro rasa, ks - nocTonnnan BojibqMana, T - TeivraepaTypa njiasMbi, vt - 
TeujiOBan CKopocTb sjieKTponoB, 



8.T - TenjiOBan KuneTunecKan sneprnn sjieKTponoB. 

B KBauTOBOH njiasMe CKopocTb sjieKTponoB CBusana c ero uMnyjibcoM n 
BeKTopnbiMu noTenquajiaivin sjieKTpoMarnuTBbix nojien paBencTBOM 


V = — - — (Ai + A 2 ). 


m cm 


Ecjin BBecTu bespasMepnbin uMuyjibc sjieKTponoB P = p/pt^ pt = 
mvT - TenjiOBOH nivinyjibc sjieKTponoB, to npeflbiflyrqee paBencTBO nepenn- 
meTcn b Bnq,e 



KpoMe Toro naM nonaflobuTcn abcojiiOTnoe pacnpeq,ejieBne OepMn—^npana 


fo{p), 



-1 
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1 


^ = fo{P)- 


1 + 

Sflecb a = ii/iksT) - SespasiviepHbiH xHMHHecKHii noTenpHaji sjieKTpoH- 
Horo rasa. 

B ypaBHeHHH (1.1) h b HHTerpajie BHrnepa nepeftfleivi k SespasMepnoMy 
HMnyjibcy. llojiyHHM ypaBHCHHe 




,? = 1 


le 


2mc^h 


/(r, p + q^, ^) - /(r, p - q^-, t) 


j=i 


2ie‘^AiA2 

2mc^h 


f( , qi + q2 ,N qi + q2 

/(r,p +-^- ,t) -/(r,p--- ,t) 


( 1 . 2 ) 


2 ^ ^ V 2 

Bflecb qj - SespasMepHbie BOJinoBbie HHCJia, q^ = 'kj/kT-, kr - TenjioBoe 
BOJiHOBoe HHCJio, kr = myr/h. 

By^eivi HCKaTb pemenHe ypaBHennsi (1.2) b bh^b 


/ — fo{P) + /i + /2, 


(1.3) 


rfle 


fl — + A2(/?2, 

/2 = + A2'?/^2 + 


(1.4) 

(1.5) 


2 First approximatuon of Wigner equation solution 

B saflane HMeeTC 5 i neTbipe napaivieTpa pasMepnocTH ajihebi \j = VT/ooj 
{vt - TenjiOBaE CKopocTb sjieKTpoHOB) H Ij = 1/kj. ByfleM nojiaraTb, eto KaK 
Ha fljiHHax Aj, TaK h na fljiHHax Ij HsivieHeHHe SHeprHH sjieKTpoHa nofl fleii- 
CTBHeM cooTBeTCTByioipero noTenpHajia sjieKTpoiviarHHTHoro hojih Aj mhofo 
M eHbHie TenjiOBOH sneprHH sjieKTpoHOB ksT [ks - nocTOHHHan BojibpiviaHa, 
T - TBMnepaTypa njiasMbi), T.e. Gy^eivi CHHTaTb MajibiMH napaivieTpbi 

\eAj \ Vt 
Oij = — / ^ 

^ cksT 


(J = 1. 2) 
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H 


A' = 


\eAj\ujj 


koksTc 


(J = 1.2). 


EcJIH B0Cn0JIb30BaTbC5I CB5I3bK) BeKTOpHbIX nOTeHII,HajIOB SJieKTpOMarHHT- 
Hbix nojieii c HanpaxcenHOCTsiMH cooTBeTCTByiomHx sjieKTpHnecKHx nojieii, 
TO BBefleHHbie iviajibie napaivieTpbi BbipaxcaiOTCsi cjieflyiomHMH paBOHCTBaMH 

I eEj I vt 


H 


aj — 




(jjjksT 

\eE,\ 

kjksT 


(J = 1.2) 


(J = l,2). 


By^eivi fleiicTBOBaTb MOTOflOM nocjieflOBaTejiBHbix npH6jiH>KeHHH, CHHTa55, 


HTO 


H 


“j « 1 0 = 1.2) 


Hjd 0 = 1,2). 

B nepbOM npH6jiH>KeHHH HipeM pemeHne ypabHenHsi Bbrnepa b BH^e 

/ = /*‘> = /o(P)+/i, (2.1) 

rfle fi - JiHHeiiHasi KOiviSHHapHsi BeKTopHbix noTenpHajiGb (1.4). 

ypabHeHHe Bbrnepa (1.2) b jiHHeiiHOM no Bejinnnne boktophbix noTenpn- 
ajiOB npnSjiHOKeHHH hmoot bh^ 


df df . 

-^ + VTP^+—PE^i 

J = 1 


/o{P + f) - /o(P - f 


= 0 . 


( 2 . 2 ) 


Sflecb 


/o (P ± y ) = U + exp 


P±^) -Q) 
2 


-1 


Ilpn noflCTanoBKO ( 2 . 1 ) n ( 1 . 4 ) b ypaBnenne ( 2 . 2 ), nocjieflnee pacna^aeTcn 
na flBa ypaaneHnn 


i{vTkjP - ujj)ipjAj = 


ievT 

ch 


MP + f) - /o{P - f) 



H3 KOTopbix nojiynaeM: 


ePA,/«(P + f)-/o{P-f) 

HTaK, 4 )yHKii,H 5 i Barnepa b nepBOM npH 6 jiH>KeHHH nocTpoena: 

2 

P « 

fi = 




chkr 


^ /o(P + f)- /o(P - 

y](PA,' 2 2 


j = l J 

Bflecb BBefleHBi SespasiviepHbie napaivieTpbi 


qjPo flj 


^ krVT 


(Ij 


mvT 


kj 


(2.3) 


h 


- TenjiOBoe bojihobob hhcjio, 


Qj - 6e3pa3MepHoe bojihobob hhcjio, kr 

Qj - 6B3pa3MBpHa5I HaCTOTa KOJIB6aHHH BBKTOpHOrO nOTBHpHajia SJIBKTpO- 
MarHHTHoro noji55 A,. 


3 Solution of Wigner equation in second approximation 


Bo BTOpOM npH6jIH>KBHHH HipBlVI pBBIBHHB ypaBHBHH5I BHBHBpa (1.2) B 
BHflB (1.3), B KOTOpOM /2 OnpBflBJI55BTC5I paBBHBTBOM (1.5). llojiyHaBM BJIBfly- 
lOmBB ypaBHBHHB 

2i{vT'kiP - + 2i{vT'k2P - U2 )AI'iIj2-\- 


+2i(^VT 


ki + 


LOi + iU2 


AiA2V^0 = 


levT 

ch 


^(PA,) /,(p + 2i)_/,(p_:b 


j=l 

J=1 


sy 

2 


+ 


le 


le 


A 1 A 2 


2mc^h 
B ypaBHBHHH (3.1) 

/ifp + 


/o(P + ^^^^) -/o(P- 


+ 

qi + q 2 


qTO\ e / q^rn 


chkr ^ 

j=i 


E(p + 


, A.x 

2 ' ^ 


(3.1) 
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I Qm 


I 


/o P + f+ ^ -/o P-f + . 

^ ^ ^ ^ ^m = l,2, 


q, P + 


qm 


-n 


/l p- 


q^ 


chkx “ 

j=i 


E p 


q^ 


A,x 


q^ qm 


/o(P + f-f^|-/o(P-^-^ 

x^-^ ^ ^ ^ ^m = l,2. 


q. P 


y^TeiVI OpTOrOHajIbHOCTb BOJIHOBbIX BCKTOpOB H BeKTOpHbIX nOTeHII,HaXOB 

sjieKTpoMarHHTHbix noxeii: 

q^A. = 0, m,j = l,2. 


C noMombK) 3THX paBCHCTB npeflbiflymHe flBa paBencTBa ynpomaK)TC5i: 

2 


H 


/l p + 


q. 


X- 


/o P + 


qj “1“ qm 


2 J ckkr 


Epa, 

j = l 

qj qm 


X 


q, P + 


qm 


m = 1, 2, 


2 ' ^ 


/i P- 


q 




^Epa, 

J=1 


X 


/o P + 


qj qm 


-/o P- 


X- 

V- 2 

Tenepb cocTaBHM ^Be pasnocTH: 


qj + qm 


q,(P-Sp] 


m = 1, 2. 


/i(p + ^)-/ifp-^ 


X 


2 

/o(P + 


chkT “ 
j=i 


EpA; 


X 


qj + qm 


-/o P- 


qj qm 


q,(p + ^)-a 
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/o P + 


-/o P- 






^.j Q.TO 


Tenepb HaiifleM cyiviMy sthx pasHOCTen: 


^ PAi [/I (P+l )-h (P-f)] +PA. [/: (P+f) -/: (P-f 


c^mh 




/o(P + qi) - fo{P) fo{P) - /o(P - qi) 


Pqi - + I 


Pqi - - f 


PAi)(PA2) 


/„(p + - /„(p + 


Pq2 — ^2 + 


qiq2 


/o(P - -/o(P - /o(P + ^^ 

Pq 2 - «2 - ^ Pqi - ^ 

/o{P + - /o{P - ^)1 


Pqi - Hi - 


qiq2 


+ (PA2) 


2 /o(P + q 2 ) -/o(P) /o(P) -/o(P - q 2 ) 


Pq2-r^2 + f 


Pq2 - ^^2 - 1 


ypaBHenne (3.1) pacna^aeTCsi na Tpn ypaBHeHH5i, h3 KOTopbix naxo^HM 


“ 2cVt 


/o(P + qj)-/o(P) 

Pqj - + % 


+A? 


/o(P + q,.) - /o(P - q,) 


Pqj-Qj' 


0 = 1.2), 


(3.2) 


, ^ , e^PAiXPAs 

= 2cH 


/o{P + 21^) - /o(P + 31^ 


Pq2 ~ ^2 + 


qiq2 
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/o(P + - 



2 


Pq-n 


e^AiA2 _ /o(P + q) - /o(P - q) 

2c^p^ Pq — n 


(3.3) 


Sflecb 


qi + q2 


ill + il2 


TaKHM oGpasoM, pemeHne ypaBHeHHH Barnepa nocTpoeno h bo BTopoM 
npH6jiH>KeHHH. Oho onpeflejiHOTCH paBOHCTBaMH (1.3)-(1.5), b KOTopbix4)yHK- 
H,HH l/jj{j = 1, 2) H l/jQ OnpeflOJIHIOTCH paBOHCTBaMH (3.2) H (3.3). 

4 Electric current in quantum plasma 

rijiOTHOCTb ojiOKTpHHOCKoro TOKH corjiacHO OTO OHpeflOJieHHK) paBHa: 



B paGoTO m HOKasano, hto b nyjiCBOM hphGjihjkohhh ojioktphhockhh 
TOK B KBaHTOBOH HJiaSMO paBOH HyjHo: 



rioOTOMy HJIOTHOCTb OJIOKTpHHOCKOrO TOKB paBHB 



(4.1) 


PaBOHCTBO (4.1) MOHCHO HpOflCTaBHTb B BHflO: 


J = J 


j linear 



Bflocb 



(4.2) 
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•quadr ^ ‘^ePr^T 

{27ThY 


CPT 


d^P. 


(4.3) 


HTaK, sjieKTpHHecKHH TOK B KBaHTOBOH njiasMB ecTB cyMMa flByx cjiara- 
eMbix, jiHHeiiHoro h KBaflpaTHHHoro. JlnHeiiHoe cjiaraeivioe ecTb njiOTHOCTb 
TOKa, HanpaBjieHHoro b^ojib BeKTopnoro noTenpHajia sjieKTpoiviarHHTHoro 
noji5i (T.e. BflOJib BCKTopa HanpsixceHHOCTH nojiid). Oho coctoht h3 hjichob, 
nponoppHOHajiBHbix nepBOH CTeneHH boktophbix noTeHpHajiOB. Kba^paTHH- 
Hoe cjiaraoMoe octb hjiothoctb TOKa, opToroHajibHoro jiHHeHHOH hjiothocth 
TOK a. Oho HanpaBjieno Bflojib bojihobobo BOKTopa. KBaflpaTHHHoe cjiaraeivioe 
COCTOHT H3 HJICHOB, HpOHOppHOHajIBHblX KBa^pHTy BCKTOpHBIX HOTCHpHajIOB 
TOKa H HX npOHOBCflCHHIO. 

ripeflCTaBHM JIHHCHHyK) HaCTb HJIOTHOCTH TOKH (4.2) B HBHOM BHflC: 

Q / -f- I t—M I 1 -f- I t—M 

; linear 2eprpVT 


{2TxhYchkT 




-/o P- 


Pqj - 

9t 0 BCKTOpHOe BbipaXCCHHC HMCCT OflHy HCHyjieByK) KOMHOHCHTy: 

j 


d'^p. 


=Jy(0, 1,0), 


TflC 




2ep. 


T 


{27Thycm 


j=l 


X 


X 


/o ( K + |, -P,, K) - /o (Px - |, Py, C 


Q_j Px 


P^d^P. 


(4.4) 


SflCCb BBCflCHO o6o3HaHeHHe 


Qj 


MPx±^.Py.Pz = 


1 


1 + exp 


(P, ± + P2 + P2 _ „ 


2.-9. 

I —I— !-■ X I I I I # „ I I —t— / 

2^ y 

/],ajiee Sy^eivi HcnojibooBaTb 6ojiee KpaTKoe o6o3HaHeHHe: 


/o(p,±|) =/o(p,±|.P,.K 

HafifleM HHCJiOByK) hjiothoctb KonpeHTpapnio nacTHii, njiaoMbi, OTBenaio- 
myio pacnpeflejieHHK) OepMH—^npaxa 

CXD 

2d^p Sirpn 


N = fo{P) 


)t 


{2TThy {27Thy 


^a-P p2^p 4 
1 + ~ 
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rfle 

00 

/o(a) = J ln(l + e°‘~'^^)dT. 

0 

OcymecTBHM OHeBHflHyK) saivieHy nepeivieHHBix b (4.2) h BBe^eivi njiasMen- 
HyK) (jieHBMIOpOBCKyK)) HaCTOTy 

UJp 

SaTBM HcnojiBsyeM cb5I3b Me>Kfly hhcjioboh hjigthoctbio HacTHii, njiasMBi 
(KOHpeHTpapHeii), TenjIOBBIM BOJIHOBBIM HHCJIOM SJieKTpOHOB H HX XHMHHe- 
CKHM noTenpHajiGM 

N = 

B pesyjiBTaTG nGJiy^aeivi, htg BBipaxcenne tgkb (4.4) paBHG 

J=1 

^ / {qjP, - Qj - q]l2 ~ 

HJIH 

. ^ f h{p)pid?p 

*87r2^ ujj J {qjP^-flj^-qpi' 

9tG BBipaXCGHHe njIGTHGCTH nGnepeHHGBG TGKa CBGflHTC5I K flBGHHGMy HH- 
Terpajiy: 




(1 — fi^)djj. 


{qjPfi - n^y - qj/4' 


SflecB 



UJp 

k^VT 


- 6e3pa3MepHa55 njia3MeHHa55 nacTGTa. 


hwp 

mv^ 
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5 Longitudinal current in quantum plasma 

SaivieTHM, HTO HHTerpaji ot BToporo cjiaraeivioro b (4.3) paBen Hyjiio. Ho- 
3TOMy npOflOJIBHBIH TOK B KBaHTOBOH, BeHepHpyeMBIH flByM5I SJieKTpOMaBHHT- 
HBIMH nOJI55MH, paBCH: 

jquadr = jl„„g ^ 2e^ J 

TaKHM o6pa30M, npoflOJiBHBiii tok onpe^ejisieTCsi tojibko btopbim npnSjiH- 
>KeHHeM /2 4)yHKii,HH pacnpeflejieHH5i. 

BeKTopHoe paBencTBO (5.1) HivieeT tojibko o^ny HOHyjieByio KOMnoneHTy: 

= j:r(l,0,0), Bfle 

ripoflOJiBHBiH TOK (5.2) npeflCTaBHM B BHfle cyMMBi Tpex cjiaraoMBix: 

jx = ji + 22 + jo- (5.3) 

SflecB 

jo = J (5.5) 

Ms paBOHCTB (5.2)-(5.5) BBITOKaOT, KTO npOflOJIBHBIH TOK npoflCTaBjisieT 
co6oh cyMMy Tpex cjiaraeiviBix — tokob. llepBBie flBa TOKa ji h j 2 renepH- 
pyK)TC5I COOTBeTCTByiOmMH BeKTOpHBIMH nOTeHII,HajiaMH SJieKTpOMarHHTHBIX 
nojieft. Hx BejiHKHHBi nponoppHOHajiBHBi KBa^paTaivi sthx bcktopebix noTen- 
pnajiOB. TpeTHH tok, kotopbih nasoBeivi nepeKpecTHBiM, reHepHpyeTC5i Bsan- 
MOfleHCTBHeivi sjieKTpoMarHHTHBix nojieH H nponoppHOHajieH npoHSBefleHHio 
BejIHKHH BeKTOpHBIX nOTeHII,HajIOB. 

ripeflCTaBHM B 5IBHOM BHfle (JiopMyjiBi fljM nepBBix flByx tokob: 

, f\( fo{P, + q,) -fojP) /o(P) - /o(P. -<lo) \p2, 

^ {27Th)^c^ J \ qjPx - + q‘j/2 qjP^ - Uj - g|/2 / ^ 
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fo{Px + Qj) - fo{Px - qj) 


PxSP 

QjPx 


(5.6) 


ripeoSpasyeM Bbipa>KeHHe, CTOsimee nepe^ HHTerpajiOM b npeflbiflymeii 
4 )opMyjie: 


e^TVT .2 


e^k^VT 


^ AZ ^ j—^^^2 

(27rh)3c2 J 


STT^C^Pn ^ 


'T 


Bocnojib3yeMC5i cbsisbio Me>Kfly KonpeHTpapHeii (hhcjioboh njiOTHOCTbio), Ten- 
JIObblM bOJIHObblM HHCJIOM H XHMnOTeHpHajIOM: 


1 


(X) 


N = k{(^) = / ln(l + ^ )dr. 


Tobfla 


euj" 


^ 2 27r^e^NvT ^ 2 _ 

^ Stt^c^P^Iq (a) ^ IGtt^c^Pt^o (q^ 


9 

_ _^_ 

^ 167r^/o(<a)prWj 


2 enl 

^ 167T‘^lo{a)pT^j 


Sflecb BbefleHbi GespasiviepHbie nacTOTbi 


n = 


k^vx 


^ krVT 


0 = 1 . 2 ). 


Bbefleivi npoflOJiBHO-nonepeHHyio npobo^HMOCTb oi^tr-, 


eh / fyjJr, \ 2 


^l,tr 9 ( 9 


= ^ ^ 


eUt 


p‘^\mv‘^J kTPr^kxVT^ pxkr 


Tobfla 


C = 


EjfTl^trkT 


E]ai^trkj 


167r2/o(cD)nin2 167r2/o((a)n^gj 

Tenepb (Joopiviyjia (5.6) mookct Sbitb npeflCTabjieHa kbk 


J = 1,2. 


jj “■ Jj^iqrkjE-. 


(5.7) 


B (5.7) Jj - 6e3pa3MepHa55 njioTHOCTb TOKa, 


^ 167T‘^lo{a)qjQ,j 


( MPx + Qj) - fojP) fojP) - fojPx - qj) \ 2 , 
V qjP,-n, + qy2 q,P,-%-q]l2 ) ^ 
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I fo{Px + Qj) fo{Px Qj) Pxd^P /r o\ 

2 

HHTerpaji b (5.8) CBefleivi k oflHOiviepHOMy. SToro naivi noHaflo65iT- 
C5I cjieflyiomHe paBencTBa. Bbihhcjihm BHyTpeHHne HHTerpajiBi b njiocKOCTH 
(Py, P^), nepexofl55 k nojii^pHBiM KOop^HHaTaivi: 


2tt oo 


j MP. ± Py, Py)P^dPydP, = jj ^ 


0 0 


P = JP^ + PI 


AHajIOBHHHO: 


2tt oo 


MP)P^dPydP,= I I 


cos^ (pp^dipdp 

1 _|_ ^P^+p^-a 


OO 


27r oo 


/o(P ± q,)dPydP, = 11 


pdifdp 

I -p ^{Px±qjY+P^-a 


^a-{Px±qjf-p^ 


= 271 - , — 2 Pdp = 7rln(l + e“ y 

J I Qa-{Px±qjP-p^^ ^ > 

0 


OTCIOfla BBITBKaeT, HTO 


/o(P)dPjdP. = 7 rln(l + e“-'f’-). 


— 00 —00 


BBeflCM o6o3HaHeHH5i: 


l{PxPq)= / pln(l + e P^'^)dp, 


0 



17 


(X) 


l{Px) = y'/?ln(l + e 


-P^-p^+a 


)dp. 


HnTerpaji ot BToporo cjiaraeivioro hs (5.8) paBen: 

1 [ MPx + qj)-foiPx-qj) p ^3p _ 

2 J qjP, - n, 


f fo{Px + qj) fo{Px ^j) ^3p _ 


2q 


J 


f 


2q 


J 


—oo 


TT^j 

2q. 


OO 


J ln(l + e“-^' 


qj Px ^ j 

1 + dr 

1 + QjT - Qj ~ 

1 1 


qjT - Qj - qjT - Qj + g) 


dr = 


— OO 


= ^qj^j 


ln(l + e“ )dT TiQj f ln(l + e“ )dT 

(qjT-Qj^-qf qj J {t -^j/q^f - q] 


2- 


Bbihhcjihm HHTerpaji ot nepBoro cjiaraeivioro. HivieeM: 

h(P. + qj) - fo{P) _ h(P) - h(P. - qj) \ PyPP^P ^ 



qj Px ^ 


J ' 


qjPx qj/^ ' qjPx 


oo 


= TT 



L{Px + qj,Px) ^ L{P^-qj,P^) ^ PxdPx 


qjPx - + g ■/2 qjPx - q\/2) q^P^ - ' 


— OO 


SflecB 


OO 


X _L pa-{P^±qjf-p^ 

L{PxPq3,Px) = l{PxPqj)-l{Px)= I /3ln a-p^-p^ ^P- 

0 

PaccMaTpHBaeMBiH HHTerpaji npeoSpasyeivi cjie^yiomHM oSpasoivi: 

OO 

L(r+ gj,r) ^ L{t - qj.r) \ rdr ^ 

qjT — Qj + q‘j/2 qjT — — g|/2/ qjT — Qj 

T-qj/2 T + qj/2,T) \L{T + qj/2,T-qj/2) 



— OO 



_ PJJ_ _ _ _ ’ J-J / > / \ \ ■ J-J ! > 

qjT — Qj — qy2 qjT — QjPqy2) qjT — Q 


dT = 
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^ f L{t + ^j/2, T - q,/2)dT 

(5^r-n,)[fer-S7,P-<;|/4] ' 

—oo 

OKOHHaTejibHO 6e3pa3MepHa55 njioTHOCTb TOKa pabna: 



CX) 


_^_ f 

16TTlo{a)Qj J 

— OO 


L{r + qj/2,r-qj/2) 

{qjT - ^j){qjT - n^y - qp4\ 


ln(l + 6°^ 

(qjT - QjY - qf 


dr. 


6 Crossed current 


BbinHineM 4)opMyjiy BbiHHCJieHH5i nepeKpecTHoro TOKa b 5ibhom BH^e: 
e^p^VTAiA 2 f I fo{Px + g+) - fo{Px - q~) 


Jo = 


{2nhyAp\ 


+ ^ 1 ^ 2/2 


fo{P. + q-) - fo{P. - q^\ ^ fo{P. + - fo{P. + ql 


qiPx - Hi - ^1^2/2 q2Px - ^2 + ^1^2/2 

fo{Px - q-) - fo{Px - q+) 


q2Px -^ 2 - q\q2/2 


P^Pxd^P 

qPx - ^ 


e'^p^VTAiA2 f /o(Px + q)- fojPx -d) p ^3p 


{2Tihyc^p^ J qPx-^ 

riepenHineM 3 to paBencTBO Kopo^e: 

e^PTVTAiA2 


Jo = 


{2TihyA- 


(Jl — J 2 p Ji ~ Jb)- 


( 6 . 1 ) 


Jl 


J 2 


J 3 


fojPx P g+) - fojPx - q-) PyPxd^P 
qiP:, -QiP q\q2/2 qP^-Vt' 

fojp. + (T) - fojp. - q^) PyPJ'P 

qiPx - Hi - ^ 1 ^ 2/2 qPx-^' 

fojPx P q~^) ~ fojPx P q ) PyPxdJP 
q 2 Px - II2 + ^1^2/2 qP^-Pt' 


Sflecb 
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Ja = 


J,= 


fo{P. - q-) - fojP. - g+) PyP.d^P 

q 2 Px -^ 2 - ^ 1 ^ 2/2 qPx-^' 
k{Px + q)- k{Px - 9 ) D ,3 


qPx - ^ 


-PxPP. 


Sflecb 


, = ,. = 51^. ,- = ^. n = n- = ^. 

BbiHHCJiHM BHyTpeHHHe HHTerpajibi b njiocKOCTH (Py, P^), nepexofl55 k no- 
JI5ipHbIM KOOpflHHaTaiVi: 

2 tt 00 


[ h(P, ± y, P„ P^)PldP,dP, = I j 


cos^ (fp^dcpdp 

I Q{Px±qP‘^+p'^-a 


0 0 


00 


= TT 


p^dp 


00 


y X + e{Px±qP'^+p^-oi 
0 0 


= TT / pln(l + e P 


Bfle 


P = x/P^ + 


AHajIOBHHHO: 


2 TT 00 


/ ,.(p)p;jp,«. / / :g|gg. y +, 


,-Px-P +<^ 


)dp, 


0 0 


27 r 00 


J fo{P ± <2)dP,dP. = J J 


pdifdp 


I -p g(Px±g)2+p2_Q, 


0 0 


= 27T 


^a-{Px±qf-p^ 

Y^pdp = 7rln(l + e“ ). 


X -)- ga-(Pa:±9)2-p2 


BaefleM o6o3HaHeHHH: 


l{Px ± 


CX) 

0 


(X) 

((Pa = j pHI + e-’’"-'’"+°‘)dp. 


0 
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riojibsysicb npHBefleHHbiMH Bbime paBencTBaiviH, HHTerpajibi Ji,J 5 CBe- 
fleM K oflHOMepHbiM HHTerpajiaivi: 


Jl = TT 


J2 = T^ 


J3 = 7T 


Ja = T[ 


/(r + g+) -l{T-q ) 

rdr 

qiT - Hi + ^ 1 ^ 2/2 

qr — Q' 

Kr + q-) -lir-q+) 

rdr 

qiT -Qi- qiq2/2 

qr — Q' 

l{r + q+) - l{r + q-) 

rdr 

q2T -Q 2 A qiqi/^ 

qr — Q' 

1{t - q-) - 1{t - q+) 

rdr 


^2^ - ^2 - ^1^2/2 qr-Q' 


J 5 = 27Tq'^0. 


ln(l + e“ '^^)dT 


^ J {q+T-n)^-q+^ 

— 00 

B HHTerpajiax Ji, ..., J 4 HHCJiHTejiH cooTBeTCTBenHO paBHbi: 

°r 1 _|_ ga-(r+9+)^-p2 

1{t + q+) -l{T-q-) = J pin 

0 


00 

1{t + q~) - 1{t - q^) = J 


I ga-(T+g f-p^ 

I _|_ ga-(r-9+)2-p2 


r 1 _|_ Qa-{T+q+y-p^ 

1{t + q+) - 1 {t + q-) = I pin ^ ^ 


CX) 

1{t - q-) - 1{t - q+) = J 


I _|_ ^a-(T-q f-p^ 
X _j_ ga-(r-(?+) 2 -p 2 


BaefleM b 4)opMyjiy (6.1) njiasMennyK) nacTOTy. Tor^a 4)opMyjia (6.1) ne- 
penHmeTC5i b BH^e: 


eujlAiA2 

-J 2 + Jz-Ji + J 5 ). 


( 6 . 2 ) 
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B 4)opMyjie (6.2) nepeftfleM ot BejiHHHH BeKTopnbix noTenpHajiGB sjieK- 
TpoMarHHTHbix nojieii k nanpsixceHHOCTsiM sjieKTpHnecKHx nojieft: 


Jo 


enlEiE2 


-{Ji — J 2 E J 3 — Ja E Js)- 


167r‘^lQ{a)QiQ2PT 
Bbefleivi npoflOJiBHO-nonepeHHyio npoBOflHMOCTb 


(6.3) 


2 1 ' 


eh / hujn \ 2 




pfp\mv^y kTPT^kTVT^ Prkr 
Tenepb 4)opMyjia (6.3) moxcgt Gbitb npeoGpasobaHa k BH^y: 
ai^trEiE2{ki E k2) 


Jo = 


■(Ji — J 2 E J 3 ~ Ja E Jb)- (6-4) 


167r2/o(a)nin2(gi + q2) 

OopMyjiy (6.4) nepennineM Kopo^e: 

jo = Jo(Ji^trEiE 2 {ki E k 2 ). (6.5) 

B 4)opMyjie (6.5) Jq - GespasMepnai^ nacTb njiOTHOCTH nepeKpecTHoro 
TOKa, 

Jo = “1^ 21 ( \n n ( -^\ - J2E J3 - JaE Jb)- 

167THo{a)ihil2{qi E q2) 

TaKHM o6pa30M, npoflOJiBHaa HacTb Toxa OKOHxaTejibHO pabna: 

jx = CTiqr[EikiJi E E\k2J2 E EiE2{ki E k2)J{^. (6.6) 

Ecjih BBecTH nonepexHBie nojia 


Ef = E, 


kj(E,kj) _ ^ qj(Ejq,) 


k] 




TO paBOHCTBO (6.6) MOXCHO SabHCaTb B HHbapHaHTOH 4)OpMe 

j‘“'* = <T,,„.[(Ef)'ki Ji + (Ep^kaJa + EfE‘’'{ki + kj) Jo]. 
7 Small values of wave numbers 


B cjiyxae Majibix SHaxeHHft bojihobbix hhcoji bejiHXHHbi tokob, nponoppH- 
OHajiBHbix KbanpaTaM HanpsixceHHOCTeft ojieKTpHxecKHx nojieft, (JjaKTHxecKH 
BbiHHCJieHbi B Hameft pa6oTe |20j : 

^l,tr 


Jj = 




^ EE^ = 


87TUJjQ‘j ^ ^ 


Sirnf^^E 




0 . 
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Tenepb paccMOTpHM BejiHHHHy nepeKpecTHoro tokb npn Majibix SHaneKH- 
55X BOJiHOBbix HHceji. HMeeM: 


MP. + <!) = MP) - g(PW.q + 


(q 0). 


Sflecb 


g(P) = 


,P^-a 


,a-P^ 


(l + gP^-a)2 ^l^^a-Py 


SaiVieTHM, HTO 


MP + q)- MP -q) = -igi.P)P.q + 




CjieflOBaTejibHO, njiOTHOCTb nepeKpecTHoro Toxa paBna: 


jo = -(Ti^trEiE 2 {ki + /C 2 ) 


4:7r^lo{a){qi + 


giP)PyP. 


MHTerpaji paBen: 

j g(P)PldM = ^j 


47 t f P^e^'-^dP 


(1 + eP^-^Y 


= 7 Tlo{a). 


TaKHM o6pa30M, njiOTHOCTb nepexpecTHoro Toxa paBna: 

JO = -a,qrE,E2{h + + 

Ms nojiyneHHbix BbipaxceHHH BbiTexaeT, xto npn iviajibix SHanexHnx boji- 
HOBbix xHceji fljM njiOTHOCTH npoflOJiBHOBO TOxa nojiynaeivi: 


Jg 


^l,tr 




e!^ + E^.YYq + 2 E 1 E 2 


hi 

MepennineM STy 4)opMyjiy b BexTopnoM BH^e 


ki + /C2 


jlong _ 


^l,tr 

Stt 


^tr\2^, 1 , ^■cytr\2^ ^ 


1 


E;y +(Er)^ko^+2ErEr (k,+k^)-^ 


9Ta 4)opMyjia b toxhocth coBna^aeT c cooTBeTCTByKDmeii 4)opMyjiOH hs 
H ameft paGoTbi [22] • 9to osnanaeT, xto npn Majibix SHanexHnx BOJiHOBbix 
xHceji BejiHXHHa njiOTHOCTH npoflOJibHoro TOxa b xjiaccHxecxoH h xBaHTOBoii 
njiasMe coBna^aeT. 
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Samehahhe 1 . ripH BbiHHCJieHHH HHTerpajioB, BxoflHipHx B GespasMep- 
Hbie HacTH njiOTHOCTH npoflOJiBHoro Toxa, cjieflyeT BOcnojibsoBaTbcsi HSBecT- 
HbiM npaBHjiOM JlaHflay (cm., nanpHMep, 12a EH). 

Samehahhe 2. Kax BbiTcxacT hs pesyjibTaTOB HacTosupeH paGoTbi b 
xbaHTOBOH njiasMC nepexpecTHbiii tox onpefleji5ieTC5i cjiaracMbiM Jq, npo- 
noppHOHajiBHbiM cyMMC BOJiHOBbix BCXTopoB ki + k2. B j 22 ] noxasano, xto 
B xjiaccHxecxoH njiasMC nepexpecTHbiii tox cctb cyMMa flbyx cjiaracMbix J12 
H J2I, npOnOppHOHajIBHblX COOTbeTCTbCHHO BCXTOpaM ki H k2. 9 tOT 4)aXT 
3aTpyflH5ieT cpabHCHHC nepexpecTHbix toxob b xjiaccHxecxox h xbaHTOboii 
njiasMax. 

8 Conclusions 

B HacTOHmeii paGoTC pemcHa cjieflyK)ma5i sa^axa: b xbaHTOboii njiasMC 
c npoHSBOJibHOH CTencHbK) Bbipo>xfleHH5i ojiexTpoHHoro rasa, pacnpocTpaxH- 
K)TC5I flbC SJieXTpOMarXHTHbie BOJIHbl C XOJIJIHHCapHblMH BOJIHOBbIMH BCXTO- 
paMH. 

OnHCaHH5I nOBCflCHHi^ XBaHTOBOH bJiaSMbl HCnOJIbSyCTCSI XHHCTHXe- 
cxoe ypaBHCHHC c HejiHHCHHbiM HHTcrpajiOM BHrHcpa. Taxoe ypaBHCHHC Bxr- 
HCpa C OflHHM BCXTOpHblM nOTCHpHajIOM SJICXTpOMarHHTHOrO nOJIH 6bIJIO no- 

CTpoexa B Hameii pa6oTe PI- 

ypaBHCHHC Bnrncpa pcmacTCH mcto^om nocjiCflObaTCJibHbix npH6jiH>xc- 
HHH. J\jl^ STOrO BbIflCJICHbl MajIbIC HapaMCTpbl SaflaHH. TaXHMH MajIbIMH 
napaMCTpaMH hbjihkdtch othohichhh hsmchchhh SHcprnn sjicxTpoHOb nofl 
flCHCTBHCM SJICXTpHHCCXOrO HOJIH X TCHJIOBOH SHCpFHH SJICXTpOHOB Ha flbyX 
xapaxTcpHbix ^jinnax. HcnojibsycTcn xbaflpaTHHHOC pasjioxccHHC 4)yHXH,HH 
pacnpcflCJiCHHH. 

Oxasajiocb, hto yncT hcjihhchhocth sjicxrpoMarHHTHbix hojich oGnapy- 
HCHbacT rcHcpnpobaHHC sjicxTpHHCCxoro Toxa, opToronajibHoro x nanpaB- 
JICHHK) SJICXTpHHCCXOrO HOJIH (t.C. HanpabJICHHK) HSBCCTHOrO XJiaCCHHCCXOrO 
HOHcpcHHoro sjicxTpHHCCxoro TOxa). Haftflcna bCJiHHHHa noncpcHHoro h npo- 
flOJIbHOrO SJICXTpHHCCXHX TOXOB. 
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PaccMOTpeH cjiyHaii iviajibix SHaHenHii bojihobbix hhcbji. OKasajiocb, hto 
BejiHHHHa npoflOJibHoro Toxa b KjiaccHxecKOH h KBaHTOBofi njiasivie coBna^a- 
eT. 

B flajiBHeHineM aBTopbi HaiviepeHbi paccMOTpeTb sa^axH o KOJie6aHH55x 
njiasMbi H o CKHH-34)4)eKTe c HcnojibsoBaHHeM KBa^paTHXHoro no noTon- 
pnajiy pasjioxceHnn (jDynKpnn pacnpeflejiennn. 
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